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Abstract

By considering the q analogue of Ruseheweyh operator, a new subclass of univalent
functions with negative coefficients is defined. Coefficient bounds, extreme points,
distortion bounds, Radii of starlikeness, convexity and close to convexity of this
class are obtained. The integral representation of q analogue of Ruseheweyh oper-
ator and neighborhood concept are also investigated.

1. Introduction

Let denote the class of all functions of the following form:

f(z) = z +

∞∑
k=2

akz
k, (1)

which are analytic in the open unit disk U = {z ∈: |z| < 1}. Also T ⊆ consisting the

functions of the type
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f(z) = z −
∞∑
k=2

zkz
k, (ak > 0). (2)

For n ∈, 0 < q < 1, we define

[n]q =
1− qn

1− q

[n]q! =

{
[n]q[n− 1]q . . . [1]q , n = 1, 2, . . .

1 , n = 0.

(3)

A q analogue means that [n]q → n as q → 1.

The q analogue of Ruseheweyh operator defined by

Rλq f(z) = z −
∞∑
k=2

[k + λ− 1]q!

[λ]q![k − 1]q!
akz

k, (4)

where, f(z) ∈ T , [α]q and [α]q! are defined in (3), see [1].

From (4), we conclude that, if q → 1, then

lim
q→1
Rλq f(z) = z −

∞∑
k=2

(k + λ− 1)!

(λ)!(k − 1)!
akz

k = Rλf(z), (5)

where Rλ is the Ruseheweyh differential operator, which was defined in [4].

The Ruseheweyh differential operatorRλ has been studied by many authors, for example

see [3, 6] and [7].

A function f(z) belonging to the class T is in the class Rλq (α, β) if it satisfies the

condition:

Re
{ Rλq f(z)

z(Rλq f(z))′

}
> α

∣∣∣∣∣ Rλq f(z)

z(Rλq f(z))′
− 1

∣∣∣∣∣+ β, (6)

where, α > 0, 0 6 β < 1 and Rλq f(z) is defined by (4).

2. Coefficient Bounds and Extreme Points

In this section we obtain coefficient estimate and extreme points for functions inRλq (α, β).

Theorem 2.1 : Let f(z) ∈ T . Then f(z) is in Rλq (α, β) if and only if

∞∑
k=2

[(1 + α)− k(α+ β)][k + λ− 1]q!

(1− β)[λ]q![k − 1]q!
αk < 1. (7)
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Proof : Suppose that f(z) ∈ T . By using the fact that

ReW > α|W − 1|+ β ⇐⇒ Re{W (1 + αeiγ)− αeiγ} > β,

where α > 0, 0 6 β < 1, γ ∈ R and W by any complex number, and letting W =
Rλq f(z)

z(Rλq f(z))′
in (6) we obtain

Re
{ Rλq f(z)

z(Rλq f(z))′
(1 + αeiγ)− αeiγ

}
> β

or

Re


z−
∞∑
k=2

[k+λ−1]q !

[λ]q ![k−1]q ! akz
k

z
(

1−
∞∑
k=2

k
[k+λ−1]q !
[λ]q ![k−1]q !akz

k−1
)(1 + αeiγ)− αeiγ − β

 > 0.

Then

Re


1− β −

∞∑
k=2

(1− βk)
[k+λ−1]q !
[λ]q ![k−1]q !akz

k − αeiγ
∞∑
k=2

(1− k)
[k+λ−1]q !
[λ]q ![k−1]q !akz

k−1

1−
∞∑
k=2

k
[k+λ−1]q !
[λ]q ![k−1]q !akz

k−1

 > 0.

The above inequality must hold for all z in U . Letting z = re−iθ, where 0 6 r < 1, we

conclude:

Re


1− β −

∞∑
k=2

(1− βk)
[k+λ−1]q !
[λ]q ![k−1]q !akr

k − αeiγ
∞∑
k=2

(1− k)
[k+λ−1]q !
[λ]q ![k−1]q !akr

k−1

1−
∞∑
k=2

k
[k+λ−1]q !
[λ]q ![k−1]q !akr

k−1

 > 0.

By letting r → 1, through half line z = re−iθ (0 6 r < 1) and by the mean value

theorem, we get:

Re

{
(1− β)−

∞∑
k=2

[
(1− βk)− α(1− k)

[k + λ− 1]q!

[λ]q![k − 1]q!

]
ak

}
> 0.

Therefore
∞∑
k=2

(
(1− βk) + α(1− k)

) [k + λ− 1]q!

[λ]q![k − 1]q!
ak < 1− β,

and then
∞∑
k=2

[(1 + α)− k(α+ β)][k + λ− 1]q!

(1− β)[λ]q![k − 1]q!
αk < 1.



182 S. M. KHAIRNAR, AMRUTA PATIL & SHAHRAM NAJAFZADEH

Conversely, let (2) hold, we will show that (6) is satisfied and so f(z) ∈ Rλq (α, β). By

the fact that

ReW > α⇐⇒ |W − (1 + α)| < |W + (1− α)|,

it is enough to show that:

L =

∣∣∣∣∣ Rλq f(z)

z(Rλq f(z))′
−
(

1 + α

∣∣∣∣∣ Rλq f(z)

z(Rλq f(z))′
− 1

∣∣∣∣∣+ β
)∣∣∣∣∣

<

∣∣∣∣∣ Rλq f(z)

z(Rλq f(z))′
+
(

1− α

∣∣∣∣∣ Rλq f(z)

z(Rλq f(z))′
− 1

∣∣∣∣∣− β)
∣∣∣∣∣ = H.

By letting η =
z(Rλq f(z))′

|z(Rλq f(z))′|
, we may write

H =

∣∣∣∣∣ Rλq f(z)

z(Rλq f(z))′
+ 1− β − α

∣∣∣∣∣ Rλq f(z)

z(Rλq f(z))′
− 1

∣∣∣∣∣
∣∣∣∣∣

=
1

|z(Rλq f(z))′|

∣∣∣Rλq f(z) + (1− β)z(Rλq f(z))′ − αη|Rλq f(z)− z(Rλq f(z))′|
∣∣∣

=
1

|z(Rλq f(z))′|

∣∣∣∣∣z −
∞∑
k=2

[k + λ− 1]q!

[λ]q![k − 1]q!
akz

k + (1− β)
(
z −

∞∑
k=2

k
[k + λ− 1]q!

[λ]q![k − 1]q!
akz

k
)

−αη

∣∣∣∣∣z −
∞∑
k=2

[k + λ− 1]q!

[λ]q![k − 1]q!
− z +

∞∑
k=2

k
[k + λ− 1]q!

[λ]q![k − 1]q!
akz

k

∣∣∣∣∣
∣∣∣∣∣

=
1

|z(Rλq f(z))′|

∣∣∣∣∣2x− βz −
∞∑
k=2

[
1 + (1− β)k + α− αk

] [k + λ− 1]q!

[λ]q![k − 1]q!
akz

k

∣∣∣∣∣ .
By letting z = re−iθ and r → 1, we have:

H >
1

|z(Rλq f(z))′|

{
(2− β)−

∞∑
k=2

[
k + (1− βα)− k(α+ β)

] [k + λ− 1]q!

[λ]q![k − 1]q!
ak

}
,

and

L =
1

|z(Rλq f(z))′|

∣∣∣Rλq f(z)− (1 + β)z(Rλq f(z))′ − αη
∣∣∣Rλq f(z)− z(Rλq f(z))′

∣∣∣ ∣∣∣
=

1

|z(Rλq f(z))′|

∣∣∣∣∣z −
∞∑
k=2

[k + λ− 1]q!

[λ]q![k − 1]q!
akz

k − (1 + β)
(
z −

∞∑
k=2

k
[k + λ− 1]q!

[λ]q![k − 1]q!
akz

k
)

− αη

∣∣∣∣∣
∞∑
k=2

k
[k + λ− 1]q!

[λ]q![k − 1]q!
akz

k −
∞∑
k=2

[k + λ− 1]q!

[λ]q![k − 1]q!
akz

k

∣∣∣∣∣
∣∣∣∣∣

=
1

|z(Rλq f(z))′|

∣∣∣∣∣−βz −
∞∑
k=2

[
1− (1 + β)k − α

] [k + λ− 1]q!

[λ]q![k − 1]q!
akz

k

∣∣∣∣∣ .
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By letting z = re−iθ, r → 1 and |η| = 1, we get:

L <
|z|

|z(Rλq f(z))′|

[
β +

∞∑
k=2

[
− k + (1 + α)− k(α+ β)

] [k + λ− 1]q!

[λ]q![k − 1]q!
ak

]
.

It is easy to verify that H − L > 0 if (2) holds, and so that proof is complete. 2

Theorem 2.2 : Let f1(z) = z and fk(z) = z − (1−β)[λ]q ![k−1]q !
[(1+α)−k(α+β)][k+λ−1]q !z

k, where k =

2, 3, . . .. Then f ∈ Rλq (α, β) if and only if it can be expressed in the form f(z) =
∞∑
k=1

tkfk(z), where tk > 0 and
∞∑
k=1

tk = 1. In particular, the extreme point of Rλq (α, β)

are the functions f(z) = z and

fk(z) = z − (1− β)[λ]q![k − 1]q!

[(1 + α)− k(α+ β)][k + λ− 1]q!
zk, (k = 2, 3, . . .).

Proof : Let f be expressed in the form f(z) =
∞∑
k=1

tkfk(z).This means that we can

write

f(z) =
∞∑
k=2

tkfk(z) = t1f1(z) +
∞∑
k=1

tkfk(z)

= t1z +

∞∑
k=2

tkz −
∞∑
k=2

(1− β)[λ]q![k − 1]q!

[(1 + α)− k(α+ β)][k + λ− 1]q!
tkz

k

= z

∞∑
k=1

−
∞∑
k=2

dkz
k

= z −
∞∑
k=2

dkz
k,

where

dk =
(1− β)[λ]q![k − 1]q!

[(1 + α)− k(α+ β)][k + λ− 1]q!
tk.

Therefore f ∈ Rλq (α, β). Since

[(1 + α)− k(α+ β)][k + λ− 1]q!

(1− β)[λ]q![k − 1]q!
dk =

∞∑
k=1

dk = 1− d1 < 1.

Conversely, suppose that f ∈ Rλq (α, β). Then by setting t1 = 1−
∞∑
k=1

tk, where

tk =
(1− β)[λ]q![k − 1]q!

[(1 + α)− k(α+ β)][k + λ− 1]q!
ak, (k = 2, 3, . . .),
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we conclude that required result. 2

3. Distortion bounds and Radii Properties

In this section, we obtain the distortion bounds for Rλq f(z), Rλf(z) and f(z).

Theorem 3.1 : Let f(z) ∈ Rλq (α, β), then

|z| − 1− β
1− β − (α+ β)

|z|2 < |Rλq f(z)| < |z| 1− β
1− β − (α+ β)

|z|2. (8)

Proof : For f ∈ Rλq (α, β), by (2) we have

∞∑
k=1

ak
[k + λ− 1]q!

[λ]q![k − 1]q!
<

1− β
(1− β)− (α+ β)

.

Therefore

|Rλq f(z)| =

∣∣∣∣∣z −
∞∑
k=2

[k + λ− 1]q!

[λ]q![k − 1]q!
akz

k

∣∣∣∣∣
6 |z|+ |z|2

∞∑
k=2

[k + λ− 1]q!

[λ]q![k − 1]q!
ak

< |z| 1− β
1− β − (α+ β)

|z|2,

and

|Rλq f(z)| > |z| − |z|2
∞∑
k=2

ak
[k + λ− 1]q!

[λ]q![k − 1]q!

> |z| − 1− β
1− β − (α+ β)

|z|2.

2

Corollary 3.1 : If q → 1, we conclude the distortion bounds for the Ruseheweyh

differential operator Rλf(z), and when λ = 0, we get the distortion bounds for f(z).

Theorem 3.3 : Let f ∈ Rλq (α, β). Then f(z) is starlike of order γ (0 6 γ < 1) convex of

order θ (0 6 θ < 1) and close-to-convex of order τ (0 6 τ < 1) in |z| < R1(γ, α, β, λ, q),
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|z| < R2(θ, α, β, λ, q) and |z| < R3(τ, α, β, λ, q) respectively, where

R1(γ, α, β, λ, q) = inf
k

[
((1 + α)− k(α+ β))(1− γ)[k + λ− 1]q!

(1− β)[λ]q![k − 1]q!(k − γ)

] 1
k−1

, (9)

R2(θ, α, β, λ, q) = inf
k

[
((1 + α)− k(α+ β))(1− θ)[k + λ− 1]q!

k(1− β)[λ]q![k − 1]q!(k − θ)

] 1
k−1

, (10)

R3(τ, α, β, λ, q) = inf
k

[
((1 + α)− k(α+ β))(1− τ)[k + λ− 1]q!

k(1− β)[λ]q![k − 1]q!(k − τ)

] 1
k−1

. (11)

Proof : For 0 6 γ < 1 we need to show that
∣∣∣ zf ′f − 1

∣∣∣ < 1 − γ. In other words, it is

sufficient to show that

∣∣∣∣zf ′(z)f(z)
− 1

∣∣∣∣ =

∣∣∣∣∣∣∣∣
z −

∞∑
k=2

kakz
k−1

z −
∞∑
k=2

akzk
− 1

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
∞∑
k=2

(k − 1)akz
k−1

1−
∞∑
k=2

akzk−1

∣∣∣∣∣∣∣∣
<

∞∑
k=2

(k − 1)ak|z|k−1

1−
∞∑
k=2

ak|z|k−1
< 1− γ,

or

∞∑
k=2

(k − 1)ak|z|k−1 < 1− γ − (1− γ)
∞∑
k=2

ak|z|k−1,

or

∞∑
k=2

k − γ
1− γ

ak|z|k−1 < 1.

By (7) it is easy to see that above inequality holds if

|z|k−1 < [(1 + α)− k(α+ β)](1− γ)[k + λ− 1]q!

(1− β)(k − γ)[λ]q![k − 1]q!
,

and this gives (9).

Since f is convex if and only if zf ′ is starlike, we obtain (10).

For the last relation (11), we most show that |f(z)−1| 6 1−τ , for |z| < R3(τ, α, β, λ, q).
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But

|f ′(z)− 1| =

∣∣∣∣∣
∞∑
k=2

kakz
k−1

∣∣∣∣∣
6
∞∑
k=2

kak|z|k−1.

Thus, |f ′(z) − 1| < 1 − τ if
∞∑
k=2

kak
τ−1 |z

k−1| 6 1. But by Theorem 3.1, above inequality

holds true if

|z|k−1 < [(1 + α)− k(α+ β)](1− τ)[k + λ− 1]q!

k(1− β)[λ]q![k − 1]q!
,

This gives the relation (11), so that proof is complete. 2

4. Integral Representation and Neighborhood Property

In the last section we obtain integral representation for Rλq f(z) and investigate about

the neighborhood concept for the class Rλq (α, β).

Theorem 4.1 : Let f(z) ∈ Rλq (α, β), then

Rλq f(z) = exp
(∫ z

0

G(t)− α
(βG(t)− α)t

dt
)
, (|G(z)| < 1, z ∈ U).

Proof : For f(z) ∈ Rλq (α, β) and W =
Rλq f(z)

z(Rλq f(z))′
by (6), we have

Re{W} > α|W − 1|+ β.

Thus
∣∣∣W−1W−β

∣∣∣ < 1
α or W−1

W−β = G(z)
α , where |G(z)| < 1, z ∈ U . So we obtain

Rλq f(z)
z(Rλq f(z))′

− 1

Rλq f(z)
z(Rλq f(z))′

− β
=
G(z)

α
,

or

Rλq f(z)− z(Rλq f(z))′

Rλq f(z)− βz(Rλq f(z))′
=
G(z)

α
.

Therfore

(Rλq f(z))′

Rλq f(z)
=

G(z)− α
(βG(z)− α)z

,
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which is equivalent by integration

log(Rλq f(z)) =

∫ z

0

G(z)− α
(βG(t)− α)t

dt,

and this gives the required result. 2

Now, we define the (k, δ)-neighborhood of a function f(z) ∈ T by

Nk, δ(f) =
{
g ∈ T : g(z) = z −

∞∑
k=2

bkz
k and

∞∑
k=2

k|ak − bk| 6 δ
}
. (13)

For the identity function I(z) = z, we have:

Nk, δ(I) =
{
g ∈ T : g(z) = z −

∞∑
k=2

bkz
k and

∞∑
k=2

k|bk| 6 δ
}
. (15)

Also we say that g(z) = z−
∞∑
k=2

bkz
k ∈ Rλq (α, β, θ) if there exists a function f ∈ Rλq (α, β)

such that ∣∣∣∣ g(z)

f(z)
− 1

∣∣∣∣ 6 1− θ, (z ∈ U, 0 6 θ < 1). (16)

The concept of neighborhood has been studied by many authors, for example see [2, 5]

and [8].

Theorem 4.2 : Let

δ =
1− β

1− β − (α+ β)
, (17)

then, Rλq (α, β) ⊂ Nk, δ(I).

Proof : By corollary of Theorem 3.3, we have

g′(z) 6

[
1 +

1− β
1− β − (α+ β)

|z|
]
.

Indeed

|g′(z)| =

∣∣∣∣∣1−
∞∑
k=2

kbkz
k−1

∣∣∣∣∣ 6 1 +

∞∑
k=2

kbk|z|k−1.

By choosing the values of z on the real axis and then z → 1−, through real values we

obtain
∞∑
k=2

kbk 6
1− β

1− β − (α+ β)
= δ.
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So, g(z) ∈ Nk, δ(I). 2

Theorem 4.3 : If f(z) ∈ Rλq (α, β) and

θ = 1− δ(1− α− 2β)[1 + λ]q!

2(1− α− 2β)[1 + λ]q!− 2(1− β)[λ]q!
(20)

then, Nk, δ(f) ⊂ Rλq (α, β, θ).

Proof : Let g ∈ Nk, δ(f), then we have from (12), that

∞∑
k=2

k|ak − bk| < δ,

which implies the coefficient inequality
∞∑
k=2

|ak − bk| 6 δ
2 . Also since f ∈ Rλq (α, β), we

have from (7),
∞∑
k=2

ak 6
(1− β)[λ]q![1]q

(1− α− 2β)[1 + λ]q!
.

So, we get

∣∣∣∣ g(z)

f(z)
− 1

∣∣∣∣ <
∣∣∣∣∣∣∣∣
∞∑
k=2

(ak − bk)zk

z −
∞∑
k=2

akzk

∣∣∣∣∣∣∣∣ <
∞∑
k=2

|ak − bk|

1−
∞∑
k=2

akzk

6
δ

2

(1− α− 2β)[1 + λ]q!

(1− α− 2β)[1 + λ]q!− (1− β)[λ]q!

= 1− θ (23)

Thus, by (17), g ∈ Rλq (α, β, θ), for θ, gives by (16). 2
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