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Abstract

By considering the ¢ analogue of Ruseheweyh operator, a new subclass of univalent
functions with negative coefficients is defined. Coefficient bounds, extreme points,
distortion bounds, Radii of starlikeness, convexity and close to convexity of this
class are obtained. The integral representation of ¢ analogue of Ruseheweyh oper-
ator and neighborhood concept are also investigated.

1. Introduction

Let denote the class of all functions of the following form:
oo
f(2) :z—|—Zakzk, (1)
k=2

which are analytic in the open unit disk U = {z €: |z| < 1}. Also T C consisting the
functions of the type
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f(z)=2- Z 22", (ar = 0). (2)
k=2
Forn €,0 < g < 1, we define
1—-4q"
) nlgln—1g.. . [1]g . n=12,...
[nlg! =
1 , n=20.
A ¢ analogue means that [n]; = n as ¢ — 1.
The ¢ analogue of Ruseheweyh operator defined by
— [k + -1
R)f() =2 = > A g ok (@)
q 2 T 1
where, f(z2) € T, [a]q and [a],! are defined in (3), see [1].
From (4), we conclude that, if ¢ — 1, then
A B —(kHA=D
51_1)1} qu(Z) =z — Z makz =R f(Z), (5)

k=2
where R* is the Ruseheweyh differential operator, which was defined in [4].
The Ruseheweyh differential operator R* has been studied by many authors, for example
see [3, 6] and [7].
A function f(z) belonging to the class 7 is in the class Ré‘(a,ﬁ) if it satisfies the
condition:
A A
r{ iy} > o by
q q

where, « > 0,0 < 8 <1 and R{z\f(z) is defined by (4).

-1+ 5, (6)

2. Coeflicient Bounds and Extreme Points
In this section we obtain coefficient estimate and extreme points for functions in Rg‘(a, B).
Theorem 2.1 : Let f(z) € 7. Then f(z) is in R(/I\(a,ﬁ) if and only if

(14 a) — Ela+ B)][k + A —1],!
(1= B)[Ag![k — 1]g!

ap < 1. (7)
k=2
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Proof : Suppose that f(z) € T. By using the fact that
ReW > a|W — 1] + 8 <= Re{W (1 + ae”) — ae"} > B,

Where a>20, 08 <1,v€Rand W by any complex number, and letting W =

/) in (6) we obtain

W
R f(z) . A
Rey ——2— (1 +ae”) —ae’ } > f3
{z(Réf(z))’( ) }
or N
z— 3 [k+A=1]g!
[IC)\TQI[k 0,0 W~ ) )
Re = . j I+ ae”)—ae’ —=pp >0.
1
(1 — Z k[[)\]+ ]q ,akzk 1)
Then
1-4- z<1 — BR) i ant — ae z< k) (a2t
Re > 0.

L- Z "/'[Akﬁfk okt

The above inequality must hold for all z in U. Letting z = re~%, where 0 < r < 1, we

conclude:
L= B3 (1- Bb) Kt arr® — ae z< k) bk
Re k=2 Y > 0.
+A—1 _
1= 3 Rl et

By letting 7 — 1, through half line z = re=® (0 < r < 1) and by the mean value

theorem, we get:

Re{(l _8)- 2 [(1 k) —a(l - k)m} ak} >0,
Therefore
gz (- 5m) —I—a(l—k:))Mak “1-3
and then

(1 + @) — kla+ B)[k+ A —1],!
Z[( ) — k(o + B)][ ]

A= BN k=1, =t
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Conversely, let (2) hold, we will show that (6) is satisfied and so f(z) € R[I\(a, B). By

the fact that
ReW >a <= W —-(1+a)| <|W+(1-a),

it is enough to show that:

e M)
L= iy~ (e frmircy ! *5)‘
R/(2) e A
<|zmirey * iy ﬁ>|‘H
By letting n = %,We may write
LRG| RME)
M= marey T P emrey !
— 1 Py —Z)‘Z/—a)‘z—z)‘z/
= Sy R (= R G)Y — anlRyS () = (R )’
3 1 I Y L e VL S R o e it LU
= FE I |~ =1 0O Dk e)
T R N 1 R P S 1A
1 2 2 T
B 1 . z—oo B - [+ A —1],! 0
= Ry [0 [T (- ko ak] et
By letting z = re~* and r — 1, we have:
LS PR _ Ba)— Ka M
and
L:M M)~ (L AR () — 0n[RYf(=) — 2(R}f(2))
= k+)\—1 [k+X—1],
- Z o = (14 0) (= - kZQ’“[Mq!w—l]q!a’“"k)
0 k+A = [+ A— 1],
Z; Ngllk ’“Zk‘kZJMq![le!“’“zk
; LN AT
sy |7 2 (1 0 Ak o] et
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By letting z = re™%, r — 1 and |n| = 1, we get:

|z

&+ A — 1],
L Eme ]

[Alg!k = 14!

ﬁ+§j[ +a) —k(a+8)| &

It is easy to verify that H — L > 0 if (2) holds, and so that proof is complete. O

Theorem 2.2 : Let fi(z) = z and fi(z) = 2z — [(HS ﬂzg\iﬁ'[)l]g[kﬂ)\ T 127, where k =

2,3,.... Then f € R)‘( ,0) if and only if it can be expressed in the form f(z) =

o
> trfr(z), where ¢t > 0 and Z tr = 1. In particular, the extreme point of R’\( ,B)
= k=1

are the functions f(z) = z and

) (1= Ak 1)y _
il T B T [ M M

oo
Proof : Let f be expressed in the form f(z) = > i fx(2).This means that we can
k=1

write
F(2) = tefulz) =tifi(z) + Ztkfk;
k=2
_ S O—@DM%—HJ k
_“Z+Z;%Z g;K1+ay—Ma+BMk+A—u4%z
=z Z — dkzk
k=1 k=2
=z— Z dpz",
k=2
where | |
P (e )[R

[(1+a) = k(a+ B[k + A — 1],
Therefore f € R)(a, ). Since

[u+ay—ma+ﬂMk+A
(1= B) Mgk — 1]g!

qdk de—l—d1<1

o0
Conversely, suppose that f € Rq’\ (a, B). Then by setting t; =1 — > tx, where
k=1

(1 = B)Ag![k — 1!

"0 T0) Kot Bk tA—dg  F=23)
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we conclude that required result. a

3. Distortion bounds and Radii Properties
In this section, we obtain the distortion bounds for R f(z), R*f(z) and f(z).
Theorem 3.1 : Let f(z) € R)(a, B), then

1-8 2 A 1-p 9
AT <RI <l (8)
Proof : For f € R}(a, ), by (2) we have
N [k+A=1) 1-8
;ak Nl —1]g! ~ (1=8) — (a+8)
Therefore
Nl R
Raf = |2 = 2 (=
k4 A —1],
Sl ':Z PR
=2
-8 )
< e
and
A g~ [k+A-1]
IRy f(2)] = |2] — |2] kZQak LT 1]2!
_ 1-5 2
S -y e

O
Corollary 3.1 : If ¢ — 1, we conclude the distortion bounds for the Ruseheweyh
differential operator R*f(z), and when A\ = 0, we get the distortion bounds for f(z).

Theorem 3.3 : Let f € R)(a, 8). Then f(2) is starlike of order v (0 < v < 1) convex of
order 0 (0 < 6 < 1) and close-to-convex of order 7 (0 < 7 < 1) in |z| < Ri(7v, a, 5, \, q),
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|z| < R2(0,a, B, A, q) and |z| < R3(T,«, 8, A, q) respectively, where

(1 +a) —k(a+B))(A =)k +A—1]!]FT

Bu(y, 00 8,2 0) = b | === 0 e — 1,10k — ) )
(1 +a) ~ k(o + B)(1 - O)fk + A~ 1),1]F
Ry (0,a, 5, )\, q) = inf , 10
A0 B ) = T T N - k) 10
[ a) — kot B)(A )k A= 1l
R3(7’,Oé,ﬁ, )\aQ) - H];f i k(l )[ ]q'[k ]q'(k' ) . (11)
Proof : For 0 < 1‘ < 1 — 7. In other words, it is
sufficient to show that
, z— i kajz+—1 i (k — 1)apz"1
zf (Z)—l‘: k=2 =
f(z) z— § a2k 1— f apzh—1
k=2 k=2
> (k= Daglef*!
< L2 00 <1l- Y,
L= 3 aglz[F1
k=2
or
Y (k= Dagle/ ' <1—qy = (1=7) D arlo/*,
k=2 k=2
or

o k—
Z vak\z\k_l < L
l—n

k=2
By (7) it is easy to see that above inequality holds if

ot < [0h )~ et IOk 42 -1y
(L= Bk =Pk =1t

and this gives (9).
Since f is convex if and only if zf’ is starlike, we obtain (10).

For the last relation (11), we most show that |f(z) —1| < 1—7, for |z| < R3(T,a, 5, \, q).
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But

< Zkak\z|k_1.
k=2

Thus, |f'(z) — 1| < 1—7if Z kay - |zF~1| < 1. But by Theorem 3.1, above inequality
holds true if

A1 < [(1+a) —k(a+B)](1 —7)[k+ A —1]!
k(L= B)[Mg!k —1]4! ’
This gives the relation (11), so that proof is complete. O

4. Integral Representation and Neighborhood Property

In the last section we obtain integral representation for Ré f(2) and investigate about
the neighborhood concept for the class R;‘(a, B).

Theorem 4.1 : Let f(2) € Ré(a,ﬁ), then

RYf(2) = exp (/0 (G(t)_adt), (IG()| <1, zeU).

pG(t) — )t
A Ry f(2)
Proof : For f(z) € R (o, f) and W = ——=47—~ by (6), we have
q 2(Ryf(2))

Re{W} > a|W —1| 4+ 5.

Thus ‘VVI[;:E) <Llor %:é = %, where |G(z)| < 1, z € U. So we obtain
Ry f(2) 1
2(Ry f(2)) G(Z)

or

RIF() ~ A(RI()) _ G(2)
Rof(z) = B2(Ryf(2))

Therfore

(Ryf(2)) G(z)—a

Ryf(z)  (BG(2) —a)z’
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which is equivalent by integration

log(R}f(2)) = / ) : Gl —a

o (BG(t) —a)t
and this gives the required result. a
Now, we define the (k,d)-neighborhood of a function f(z) € T by

NE§(f) = {g €T :g9(z)=2z— Zbkzk and Zk!ak —bi| < (5}. (13)
k=2

k=2

For the identity function I(z) = z, we have:

Nk:,&([):{geT:g(z):z—Zbkzk and > klby| <5}. (15)
k=2 k=2

Also we say that g(z) = z2— > bp2F € R;‘(a, B, 0) if there exists a function f € Rj]\(oz, B)
k=2
such that

g(z)1‘<10, (zeU, 0<6<1). (16)

(2)
The concept of neighborhood has been studied by many authors, for example see [2, 5]
and [8].
Theorem 4.2 : Let

1-p

A gy o

(17)

then, Rq’\(a,ﬁ) C Nk, 6(I).

Proof : By corollary of Theorem 3.3, we have

glz) < [1 T TH) 'Z'] |

Indeed

(o.)
ST+ kbglaF
k=2

l9'(2)] =

1— Z kbyz"1
k=2

By choosing the values of z on the real axis and then z — 17, through real values we

obtain
E kb, < =J.
ST (a+ B)
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So, g(2) € Nk,o(I). O
Theorem 4.3 : If f(z) € Ré(a,ﬁ) and

(1 —a—208)1+ A (20)
201 —a—2B8)[1+ N —2(1 - B)[N!
then, Nk, 6(f) C Ré(a,ﬂ,@).
Proof : Let g € N'k,d(f), then we have from (12), that

> klax — bel <6,

k=2

0=1-

o0
which implies the coefficient inequality > |aj, — b < §. Also since f € Ro(a, ), we
k=2

have from (7),

ia - AN,
kS 1—a—2@D+AM'
So, we get
o(2) > (ag = bp)2" | X0 |ak — byl
k=2 k=2
‘ Z - 1‘ 00 < 00
z— Y agzk 1— > a2k
k=2 =
L (—a-23h+
21— a - 2B+ N, — (1- B!
—1-4 (23)
Thus, by (17), g € Ry (v, B,6), for 6, gives by (16). O
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